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One challenge in contemporary condensed matter physics is to understand unconventional elec-
tronic physics beyond the paradigm of Landau Fermi-liquid theory. Here, we present a perspective
that posits that most such examples of unconventional electronic physics stem from restrictions on
the degrees of freedom of quantum electrons in Landau Fermi liquids. Since the degrees of freedom
are deeply connected to the system’s symmetries and topology, these restrictions can thus be re-
alized by external constraints or by interaction-driven processes via the following mechanisms: (i)
symmetry breaking, (ii) new emergent symmetries, and (iii) nontrivial topology. Various examples
of unconventional electronic physics beyond the reach of traditional Landau Fermi liquid theory are
extensively investigated from this point of view. Our perspective yields basic pathways to study
the breakdown of Landau Fermi liquids and also provides a guiding principle in the search for novel
electronic systems and devices.
I. INTRODUCTION
In the 1950s, L. P. Landau established a phenomeno-
logical theory for the low-energy physics of Fermi liquids
in metals, which has now become widely known as Lan-
dau Fermi liquid theory [1–3]. Several principles are as-
sumed to hold in Landau Fermi liquid theory. The first
assumption is the Pauli exclusion principle and its as-
sociated Fermi–Dirac statistics. This assumption places
extreme restrictions on the phase space of the low-energy
fermionic particles near the Fermi energy. A second as-
sumption of the theory is the adiabatic and analytic prin-
ciple, which states that when interactions are turned on
adiabatically in a non-interacting Fermi gas, the Fermi
gas evolves into a Fermi liquid adiabatically and analyt-
ically without any phase transition. This smooth evolu-
tion results in a one-to-one correspondence between the
free Fermi particles in the Fermi gas and the quasiparti-
cles in the Fermi liquid. Landau then assumed that the
low-energy physics of the Fermi liquid was dominated by
the quasiparticles, and that the free energy could be de-
scribed by
F [n] = E[n]− TS[n], (1)
where the energy E[n] and entropy S[n] are given by
E[n] = E0 +
∑
kσ
ε
(0)
kσδnkσ +
1
2
∑
kσ;k′σ′
fkσ,k′σ′δnkσδnk′σ′ ,
S[n] = −kB
∑
kσ
(nkσ lnnkσ + (1 − nkσ) ln(1 − nkσ)) .
Here, εkσ =
δE[n]
δnkσ
is the energy of a quasiparticle with
momentum k and spin σ, and nkσ =
1
e(εkσ−µF )/T+1
is the
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Fermi–Dirac function. A particular point to note is that
only the forward scattering interactions are assumed to
be involved in Landau Fermi liquid theory.
Landau’s theory can account for many universal prop-
erties of low-energy Landau Fermi liquids [4], including
the well-defined Fermi surface, the linear-T specific heat,
the Pauli spin susceptibility, and the zero sounds. The
highly successful phenomenological theory has also been
firmly reestablished using quantum field theory [5] and
renormalization group theory [6], with the latter method
showing the stability of Landau Fermi liquids in two- and
three-dimensional (2D and 3D) spatial spaces, where the
Landau forward scattering interactions are marginal.
In the last several decades, much attention in the field
of condensed matter has turned to the study of uncon-
ventional electronic physics beyond the Landau Fermi
liquid framework [7, 8]. Typical examples include one-
dimensional (1D) Luttinger liquids [9], disordered elec-
trons with Anderson localization [10], heavy fermion
superconductors [8, 11], high-Tc cuprate superconduc-
tors [12–15], Fe-based superconductors [16, 17], and 2D
electrons with quantum Hall effects [18, 19]. Some of
the unconventional electronic physics evident in these
systems include: (i) universal 1D Luttinger liquids, (ii)
electron Anderson localization and the metal–insulator
transition, (iii) novel topological structure of the bulk
and surface states, (iv) unconventional superconductiv-
ity and novel mother normal states, and (v) quantum
phase transitions and quantum criticality.
While the theory behind 1D Luttinger liquids [9, 20]
and the quantum Hall effects [21, 22] has been well estab-
lished, and despite Landau’s theory of spontaneous sym-
metry breaking [23] and Wilson’s renormalization group
theory [24] providing a good account of classical con-
tinuous phase transitions and the corresponding critical
phenomena, the description of many unconventional elec-
tronic physical phenomena remains beyond these well-
established formulations. Such unexplained phenomena
include unconventional superconductivity, various novel
2normal states, quantum phase transitions, and quantum
criticality.
In this article, we present a new perspective on un-
conventional electronic physics beyond the paradigm of
traditional Landau Fermi liquid theory. Our perspec-
tive is that most such unconventional electronic physics
stems from the restriction of the degrees of freedom of
the quantum electrons in Landau Fermi liquids. The
degrees of freedom describe the independent “motions”
of quantum electrons and can be defined by a complete
set of commuting observables that are deeply related to
the symmetries of the quantum electrons. The degrees
of freedom may also involve the nontrivial topological
structure of the quantum electronic states, and thus, the
degrees of freedom are deeply connected to both the sym-
metry and the topology of the system. This leads us nat-
urally to the following proposal: the restriction of the
degrees of freedom can be used to explain novel elec-
tronic physics beyond the standard Landau Fermi liquid
theory, and such restrictions can be realized by external
constraints or by interaction-driven dynamical processes
via the mechanisms of (i) symmetry breaking, (ii) the
emergence of new symmetries, and (iii) nontrivial topol-
ogy. This perspective enables us to study the breakdown
of Landau Fermi liquid theory via the restricted degrees
of freedom of the quantum electrons, and can also guide
us in the search for novel electronic systems and devices
through manual control of the electronic degrees of free-
dom.
The article is arranged as follows. In Section II, we
show how to specify the quantum electronic states. This
leads to the definition of the degrees of freedom of quan-
tum electrons, which physically, are deeply connected to
the symmetry and topology of the system. The princi-
ples governing the novel electronic physics are also pre-
sented in this section. In the following sections, exten-
sive reviews of various examples of unconventional elec-
tronic physics beyond the Landau Fermi liquid theory
framework are provided from our perspective. Section
III focuses on the restriction of the spatial degrees of
freedom, which can result in critical phenomena, 1D uni-
versal Luttinger liquids, and impurity-induced Anderson
localization. Section IV considers the restriction of the
internal degrees of freedom, such as the spin, charge,
phase, and local basis states, which can lead to quan-
tum Hall effects, spin- and charge-density waves (SDWs
and CDWs), Pomeranchuk nematicity, superconductiv-
ity, and Mott–Hubbard physics. Section V focuses on re-
strictions imposed by external degrees of freedom, which
include the Goldstone bosons arising from continuous
symmetry breaking, background fluctuations in Ander-
son’s hidden Fermi liquid, Bose unparticles in the strange
metallic state, and local magnetic moments in Kondo
physics and heavy fermion superconductors. Finally, in
Section VI, we present a summary of the possible causes
of the breakdown of the Landau Fermi liquid framework
in novel electronic physics, and suggest some proposals
for further research.
II. BREAKDOWN OF LANDAU FERMI LIQUID
THEORY: BASIC IDEAS
A. Degrees of freedom and basic principles
A degree of freedom is an independent physical vari-
able in the formal description of the state of a physical
system, which describes its independent “motion”.1 For
example, a classical electron with mass m and charge −e
is described by its position (r) and momentum (p) vari-
ables, which are functions of the absolute time parameter
t. Thus, {r(t),p(t)} are the degrees of freedom of a clas-
sical electron. In contrast, in the quantum electron case,
the basic variables are quantum states and these states
are defined in Hilbert space. Any quantum state in the
Hilbert space can be expressed as |Ψ(t)〉 =
∑
α ψα(t) |α〉,
where |α〉 are the basis states of the Hilbert space, and
ψα(t) ≡ 〈α|Ψ(t)〉 are quantum wavefunctions which can
be quantized to form quantum fields in second quantiza-
tion formalisms. Following Dirac [25], the basis states |α〉
can be defined as the eigenfunctions of a complete set of
commuting observables with their eigenvalues α being the
so-called quantum numbers. The degrees of freedom of a
quantum electron (which describe its independent “mo-
tions”) can then be defined by the complete set of com-
muting observables. Here, the commuting observables
whose eigenfunctions define the basis states play a similar
role to the independent variables which were introduced
to identify the classical physical states. Mathematically,
the basis states |α〉 can be defined as the irreducible rep-
resentations of the symmetry group associated with the
quantum electron [26], while the complete set of commut-
ing observables can be constructed from the generators
of the symmetry group, with the quantum numbers α be-
ing the indices of the irreducible representations. Thus,
the degrees of freedom of quantum electrons are deeply
connected to the overall symmetry, where in general, the
symmetry group involves the symmetries of the spatial-
temporal space (r, t), and of the internal spaces, such as
the spin and phase spaces.
The quantum states of many-body quantum elec-
trons can be similarly defined as
∣∣Ψ(N)(t)〉 =∑
αi
ψα1α2···αN (t) |α1α2 · · ·αN 〉, where |α1α2 · · ·αN 〉 are
the N -body basis states, and ψα1α2···αN (t) ≡〈
α1α2 · · ·αN |Ψ
(N)(t)
〉
are the N -body quantum wave-
functions. Here, |α1α2 · · ·αN 〉 = ψˆ
†
αN
· · · ψˆ†α2 ψˆ
†
α1
|0〉,
where the creation operators ψˆ†αi are the quantized
fermionic fields of the corresponding wavefunctions of the
i-th quantum electron. The degrees of freedom of the
many-body quantum electrons can then be defined by the
collection of the complete set of commuting observables
of all the quantum electrons, with the eigenfunctions de-
noted by the set of quantum numbers {α1α2 · · ·αN}. As
1 From Wikipedia on the “degrees of freedom”.
3before, they are deeply related to the governing symme-
try group of the many-body quantum electrons.
In some cases, the quantum states may have a global
nontrivial topological structure that is out of reach of
the usual symmetry-based description. Examples include
vortices, quantum Hall states [27, 28], and topological
insulators [29–33]. In these cases, besides the degrees
of freedom defined by the symmetry, to identify a quan-
tum state we should also specify the nature of its global
topological structure. Thus, the topology of the system
provides quantum electrons with an additional degree of
freedom. Mathematically, topology is a special global in-
variant property of the quantum states, where the global
invariance is defined in the spatial-temporal space or in
the internal space.
As mentioned in the Introduction, a Landau Fermi liq-
uid is assumed to evolve adiabatically and analytically
from a non-interacting Fermi gas [1, 4]. This adiabatic
and analytic evolution leads to a one-to-one correspon-
dence between the ground and excited states of the Lan-
dau Fermi liquid and that of the Fermi gas. It also im-
plies a one-to-one correspondence between the electrons
in the Landau Fermi liquid and the electrons of the Fermi
gas, the former of which are known as quasiparticles and
which have conserved quantum numbers of momentum
k, spin S = 12 , and charge −e. These quantum numbers
describe the translation, spin, and charge degrees of free-
dom and stem from the spatial translational symmetry,
the spin SU(2) symmetry, and the charge U(1) symme-
try of the system, respectively. The momentum operator
P, the spin operator S, and the particle-number opera-
tor N = −i∂θ are the corresponding observable operators
used to define these degrees of freedom. In principle, the
spin degree of freedom of electrons and the spin SU(2)
symmetry are fundamentally associated with the Lorentz
symmetry of spacetime [34]. Generally, Landau Fermi
liquids in crystalline condensed matter have space-group
symmetries which include both spatial translational sym-
metry and point-group symmetries, the latter of which
involves rotational symmetry, inversion symmetry, etc.
These point-group symmetries thus define rotation and
parity degrees of freedom, along with the associated ro-
tational L and parity P observable operators. Whether
the system exhibits a continuous or discrete rotational
symmetry has an important consequence on the topol-
ogy of the Fermi surface as the spontaneous breaking of
rotational symmetry can lead to Pomeranchuk electronic
nematicity [35]. In most Landau Fermi liquids, there
are also the time translation and time reversal degrees
of freedom, which are related to symmetry under time-
translation and time-reversal. In such cases, the Hamil-
tonian H and the time-reversal operator T are the rele-
vant observable operators. Finally, as identical quantum
particles, Landau quasiparticles also have an exchange
degree of freedom and follow Fermi–Dirac statistics with
permutation symmetry. This exchange symmetry places
severe constraints on Landau Fermi liquids, with one of
the consequences being the formation of the Fermi sur-
face. Essentially, only low-energy quasiparticles near the
Fermi surface are involved in the physics of the Landau
Fermi liquids.
As discussed above, the Landau Fermi-liquid ground
state evolves adiabatically and analytically from a non-
interacting Fermi gas [1, 4]. This can be described math-
ematically as
∣∣∣Ψ(FL)G
〉
= Uˆ
∣∣∣Ψ(FL)G,0
〉
, (2)
where
∣∣∣Ψ(FL)G,0
〉
≡
∏
|k|<kF
c†k↑c
†
k↓ |0〉 is the ground state
of the Fermi gas, Uˆ is the time-evolution operator with
the Landau interactions included, and the Landau Fermi
liquid ground state preserves all the above-mentioned
symmetries. There are then two main types of low-energy
excitations we must consider. One type are the quasipar-
ticles defined by [4]
∣∣∣Ψ(FL)N+1
〉
= Uˆ
(
c†p,σ
∣∣∣Ψ(FL)G,0
〉)
, (3)
which can be re-expressed as
∣∣∣Ψ(FL)N+1
〉
=
(
a†p,σ
∣∣∣Ψ(FL)G
〉)
using the quasiparticle operators a†p,σ ≡ Uˆc
†
p,σUˆ
†. The
other type of excitation are collective excitations, such as
the CDW and SDW excitations, which can be defined by
∣∣∣Ψ(FL)O
〉
= Uˆ
(
Oˆq
∣∣∣Ψ(FL)G,0
〉)
. (4)
For CDWs, Oˆq is defined as
nq =
∑
i
nie
ik·ri =
∑
kσ
c†k+qσckσ, (5)
while for SDWs, it is defined by
Sq =
∑
i
Sie
iq·ri =
∑
kσσ′
c†k+qσ
σσσ′
2
ckσ′ . (6)
The Landau quasiparticles are stable low-energy excita-
tions of the Landau Fermi liquid with dynamical prop-
erties such as an effective mass and magnetic moment,
which are renormalized by the Landau interactions [1, 4].
On the other hand, the collective CDW and SDW fluc-
tuations are not stable excitations since they can easily
decay into particles and holes. Again, a particular point
to note is that the Landau interactions are assumed to
only involve the forward scattering interactions. In fact,
a renormalization group study shows that Landau Fermi
liquids are stable in 2D and 3D spaces where the Landau
forward scattering interactions are indeed marginal [6].
In summary, Landau Fermi liquids have the follow-
ing essential properties: (i) the ground state connects
adiabatically and analytically to a Fermi gas without
any phase transition, and (ii) the low-energy physics is
dominated by fermionic quasiparticles which have con-
served quantum numbers and dynamical properties that
are renormalized by the Landau forward interactions.
4The above discussion thus shows us how to define Lan-
dau Fermi liquids from the perspective of the degrees of
freedom. We are then naturally guided toward a new per-
spective that unconventional electronic physics beyond
the Landau Fermi liquid theory framework can be in-
duced by restricting the degrees of freedom of Landau
Fermi liquids. These restrictions can be implemented by
modifying either the symmetry or the topology with the
assistance of external constraints or by interaction-driven
dynamical processes. In particular, we regard the topol-
ogy as a special global degree of freedom of the quantum
states whose nontrivial topological structures may lead
to novel physics beyond traditional Landau Fermi liquid
theory. The driving mechanisms for the unconventional
electronic physics can then be summarized as follows: (i)
symmetry breaking, (ii) new emergent symmetries, and
(iii) nontrivial topology.
Indeed, Landau’s principle of spontaneous symmetry
breaking is a universal mechanism [23] that can be used
to break down the traditional Landau Fermi liquid the-
ory. Microscopically, the large number of near-zero en-
ergy collective fluctuations lead to the instability of the
Landau Fermi liquid phase, which then undergoes a spon-
taneous symmetry breaking phase transition. Accompa-
nying the phase transition, a new macroscopic degree of
freedom emerges, the so-called order parameter, whose
value is zero in the normal state and which becomes finite
in the ordered phase. In comparison to the Landau Fermi
liquid phase, the ground state of the ordered phase ex-
hibits a reduced number of symmetries. Examples of such
symmetry breaking phase transitions include the SDW,
CDW, or superconducting (SC) phase transitions. In the
SDW phase transition, both the spatial translational and
SU(2) spin symmetries are broken, while in the CDW
phase transition, the spatial translational symmetry is
broken in the particle-hole charge channel. The SC phase
transition, on the other hand, is associated with the spon-
taneous breaking of the charge U(1) symmetry. In all of
these three cases, however, the Landau quasiparticles are
gapped in the respective ordered phases.
As examples of the second driving mechanism, the
novel critical phenomena that manifests near the crit-
ical point of a continuous phase transition stem from
an emergent scaling symmetry, where lots of fluctua-
tions within the divergent correlation length drive the
power-law-dependent critical physics [24]. In the case
of 1D quantum electron systems, a conformal symmetry
emerges where infinite conservation laws with dramatic
constraints lead to another class of universal states, the
so-called Luttinger liquids [9]. Similarly, a U(1) gauge
symmetry is proposed to emerge in the case of Mott–
Hubbard physics, where the spin and charge degrees of
freedom are strongly correlated, which can lead to many
novel physical phenomena beyond the standard Landau
Fermi liquid framework [15]. Examples of the nontrivial
topology driving mechanism can be found in the quantum
Hall effect [27, 28], and in topological insulators [29–33].
B. Analyticity of single-particle Green’s functions
The central concept of Landau Fermi liquid the-
ory is that the low-energy physics is dominated by
fermionic quasiparticles that survive the Landau inter-
actions and which have conserved quantum numbers.
Mathematically, the Landau quasiparticles can be de-
scribed by the single-particle Green’s functionGσ(k, τ) =
−〈Tτckσ(τ)c
†
kσ(0)〉, where τ denotes imaginary time and
〈A〉 = Tr (ρHA) defines the ensemble average, where ρH
is the density matrix. If the interactions turn on adi-
abatically without any phase transition, a perturbation
formalism can be established and the Dyson equation
yields
Gσ(k, iωn) =
1
iωn − ε
(0)
kσ − Σσ(k, iωn)
, (7)
where Σσ(k, iωn) is the self-energy.
In the case of Landau Fermi liquids, the single-
particle Green’s function can be separated into coher-
ent and incoherent parts, Gσ(k, iωn) = G
(coh)
σ (k, iωn) +
G
(inc)
σ (k, iωn), where at low energies the coherent part
follows
G(coh)σ (k, iωn) =
Zkσ
iωn − εkσ − iΓσ(k, iωn)
. (8)
Here, εkσ = ε
(0)
kσ + ℜΣσ(k, εkσ) and Γσ(k, iωn) =
ZkσℑΣσ(k, iωn) with Zkσ =
(
1− ∂ℜΣ
∂ωn
)−1 ∣∣∣
iωn=εkσ
. In
order to separate the coherent part of the Green’s func-
tion from the incoherent part, the self-energy near the
Fermi energy is assumed to be analytic.
One important property of G
(coh)
σ (k, z) is that in the
complex z-plane, it has a unique pseudo-pole whose cen-
ter is located at εkσ + iΓσ(k, εkσ). In the particular
case where the energy is very close to the Fermi energy,
Γσ(k, εk) → 0
+, the pseudo-pole becomes a pure pole.
Zkσ is the residual weight of the corresponding pole. This
single-pole structure describes a well-defined quasiparti-
cle, which is characterized by the energy εkσ, the life-time
1/Γσ, and the coherent weight Zkσ. Moreover, the single-
pole structure of the single-particle Green’s function pro-
duces a corresponding peak in the spectrum that can be
observed by angle-resolved photoemission spectroscopy.
When this Landau quasiparticle description breaks
down, there are some features that may arise in the
single-particle Green’s function which can be summarized
as follows.
1. Nonanalytic self-energy with Zkσ → 0 [7]:
Although the Green’s function still follows the Dyson
equation (7), singular scatterings can also lead to a non-
analytic self-energy, e.g., Σ(kF , ω) ∼ ln
ωc
ω
+ i|ω|, oc-
curring in the case of a marginal Fermi liquid [7, 36].
In such cases, the Landau quasiparticles near Fermi en-
ergy lose their coherent weight and this typically leads
5to the breakdown of the Landau quasiparticles in strong-
coupling theories, such as in the study of electrons cou-
pled to spin fluctuations in high-Tc cuprate superconduc-
tors [37].
2. Multipole singularities [9]:
As an illustrative example, let us con-
sider a SC mean-field state with Hamiltonian
H =
∑
k ψ
†
k (εkτ3 +∆kτ1)ψk, where τi are the
Pauli matrices and ψ†k =
(
c†k↑, c−k↓
)
are Nambu spinor
operators. The single-particle Green’s function is then
given by
Gσ(k, iωn) =
αkσ
iωn − Ek
+
βkσ
iωn + Ek
, (9)
where Ek =
√
ε2k +∆
2
k. Compared to the Green’s func-
tion (8) for Landau Fermi liquids, the Green’s function
in the SC state has two separate poles, which are sym-
metrically located on the two sides of the Fermi energy
but with different coherent weights αkσ, βkσ. Physically,
this implies that a Bogoliubov quasiparticle in the SC
state is the combination of a single particle and hole pair.
Similarly, one can show that the single-particle Green’s
function in the ordered SDW or CDW state also has two
separated singular poles. The change from the single-
pole singularity structure of Landau Fermi liquids into
the multipole structure in the ordered state is another
route to the breakdown of the Landau quasiparticle de-
scription. We note that the Yang–Rice–Zhang Green’s
function proposed for high-Tc cuprate superconductors
also exhibits separated singular poles [38].
3. Branch-cut singularities :
Suppose the Green’s function follows
Gσ(k, iωn) =
A
(iωn − εkσ)
1−a , (10)
where the exponent (a 6= 0) describes the anomalous di-
mension of the renormalized electrons. In this case, the
analyticity of the Green’s function is essentially modified,
since the single-pole singularity has been transformed
into a branch-cut one, indicating the breakdown of the
Landau quasiparticle description. This form of branch-
cut singularity structure has been identified in several
novel electron systems such as 1D Luttinger liquids [9],
Fermi liquids in fractal space [39], Anderson’s Hidden
Fermi liquid theory [40], and for electrons coupled to
scale-invariant unparticles [41].
Some additional remarks might be useful to conclude
this section. The breakdown of the Landau quasiparticle
description is a fundamental characteristic of the break-
down of the Landau Fermi liquid theory framework. Ac-
cordingly, substantial modifications of the single-particle
Green’s function are evident when this breakdown oc-
curs, as discussed above. However, there are instances
that may go beyond this scope, e.g., the integer quan-
tum Hall effect. In a more general sense, this may also be
the case for topological insulators, where novel topologi-
cal features typified by edge excitations or surface states
emerge as the consequences of nontrivial topology in the
quantum states. Despite the lack of symmetry breaking
or emergence of new symmetries in such systems, and
although the bulk excitations may not be much different
from the normal Landau Fermi liquids, these topologi-
cal states of matter are beyond the reach of a traditional
Landau Fermi liquid theory description. Moreover, in the
case of interacting topologically nontrivial systems, the
interplay between interactions, symmetry, and topology
can be much more complicated [33], and is clearly well be-
yond the standard Landau theory description. Therefore,
we categorize these examples of novel physics beyond the
Landau Fermi liquid theory framework as being driven by
nontrivial topology.
III. RESTRICTION OF SPATIAL DEGREES OF
FREEDOM
In this section, we review the effects of restricting the
spatial degrees of freedom of quantum electrons. We
consider how self-similarity and scaling symmetry at the
critical point leads to anomalous dimensions and frac-
tal physics, and review how Fermi liquids in confined 1D
space have one stable fixed point, i.e., they form universal
Luttinger liquids. We also review how impurity-induced
randomness can lead to Anderson localization and the
Anderson metal–insulator phase transition.
A. Self-similarity at a critical point: anomalous
dimensions and fractal physics
The basic variable used to describe continuous phase
transitions is an order parameter φ(r), which has the
value zero in the normal state and which becomes fi-
nite when a spontaneous symmetry breaking induces the
continuous phase transition [23]. In general, the order
parameter is an emergent macroscopic degree of free-
dom of the continuous phase transition and near the
critical point, lots of fluctuations of the order param-
eter within the divergent correlation length exhibit co-
operative critical behaviors. When this occurs, Landau
quasiparticles and their microscopic short-range interac-
tions take on secondary roles and the electron system
assumes a critical state defined by a single universality
class [24, 42]. The divergent correlation length and emer-
gent scaling symmetry at the critical point then lead to
singular power-law critical behavior of the thermodynam-
ical responses [43], and these singular critical behaviors
demonstrate self-similarity of the critical phenomena.
The most unusual mystery of the critical phenomena is
the finite anomalous dimension η [42, 44], which appears
in the correlation function of the order parameter,
G(k) ∼ k−2+η, (11)
where G(k) =
∫
ddr〈φ(r)φ(0)〉eik·r. This finite anoma-
lous dimension stems from the novel correlation of the
6low- and high-energy fluctuations and violates normal
dimensional analysis since the normal dimension of G(k)
should be −2. In order to restore the correct normal di-
mension of G, one can introduce a short-range length al
so that G(k) ∼ aηl k
−2+η. This insertion clearly demon-
strates the unusual role of short-range fluctuations in
critical phenomena [44]. The coupling of electrons to
the critical collective fluctuations of the order parame-
ter can lead to the anomalous dimension of the electrons
and the breakdown of the Landau quasiparticle descrip-
tion, in similar fashion to the case of electrons coupled
to scale-invariant unparticles [41].
This self-similarity and finite anomalous dimension
provides us with a new perspective: the critical phe-
nomena are specific cases of fractal physics. Near a
critical phase transition with an emergent scaling sym-
metry, electrons are restricted into an effective fractal
spatial space which is renormalized by the interactions
and has an anomalous dimension. We note that the
fractal nature of critical phenomena has also been pro-
posed previously [45, 46], and remark that the anoma-
lous dimension and fractal nature of critical phenomena
have a deep relation to an underlying nonlinearity. Sup-
pose that a physical variable A with a dimension d of
the space (V ∼ Ld) has a scale dimension ds = d − η
near a critical point. Under the scale transformation
l′ = bl, A becomes A′(L′) = b−(d−η)A(L). Thus, we
have A ∼ Ld−η ∼ V
d−η
d , showing that the critical behav-
ior of A is deeply related to nonlinear correlations. This
is the nonlinear origin of the effective fractal dimension.
The physical effects of fractal space have been stud-
ied by Bares and Wen [39], for the case where the elec-
trons are confined in the spatial dimension 1 < d < 2,
and where the Coulomb interaction has fractal power-
law behavior. They found non-Fermi liquid physics with
a branch-cut singularity in the single-particle Green’s
function, as per (10). While quantum phase transitions
and quantum criticality have been demonstrated in many
strongly correlated electrons, the nature of the associated
spatial and dynamical critical phenomena still remains
elusive. We propose that the singular behaviors of the
electrons in the quantum critical regime are deeply re-
lated to an effective spatial–temporal space with fractal
dimension due to the nonlinear interaction effects.
B. Dimensional confinement: 1D Luttinger liquids
The most dramatic illustration of the influence of di-
mensional confinement takes place when the electrons are
restricted within a 1D space. On account of the point
structure of the resulting Fermi surface, the low-energy
1D electrons have an approximately linear dispersion and
this linear dispersion leads to a special spectral structure
of the collective SDW and CDW excitations, which are
stable and cannot decay into low-energy Landau quasi-
particles. Meanwhile, the low-energy Landau quasipar-
ticles are now unstable with respect to the interactions.
Thus, the 1D electrons are in the so-called universal Lut-
tinger liquid phase [20].
In the language of the renormalization group, the Lut-
tinger liquids have a universal low-energy fixed point,
the solvable Luttinger model, where only the linear dis-
persion and the forward interactions are relevant and/or
marginal in the renormalization. The nonlinear disper-
sion and backward and Umklapp scatterings only act to
renormalize the Fermi velocities and the effective cou-
pling constants, which are the essential quantities in the
definition of the universal properties of the solvable Lut-
tinger model [9, 20].
The universal properties of the solvable Luttinger
model are as follows [9]: (i) the absence of low-energy
Landau quasiparticles; (ii) anomalous dimensions of the
fermionic operators which produce non-universal power-
law correlations; (iii) spin–charge separation; and (iv)
universal relations among the non-universal exponents of
the correlation functions, and between the renormalized
velocities and coupling constants. All of these universal
properties are deeply rooted to the underlying conformal
symmetry which features explicitly in the bosonization
of the Luttinger model. The infinite number of local
conformal transformations lead to an infinite number of
conservation laws, which allows one to determine all the
universal properties of the Luttinger model, while the
anomalous dimensions of the operators and the expo-
nents of the power-law correlations are associated with
the conformal dimensions of the primary fields [9].
C. Impurity-induced Anderson localization
When impurities are introduced into a quantum elec-
tron system, the spatial translational symmetry is broken
and electrons may experience emergent Anderson local-
ization [47, 48]. It was shown in a renormalization group
study [49] that Anderson localization is a universal phe-
nomenon. In fact, in the presence of impurities, all the
quantum electronic states in 1D spatial space are local-
ized, while in 2D spatial space, all the quantum electronic
states are localized but the localization is marginal. In
the case of 3D spatial space, things become more com-
plex as some quantum electronic states are localized while
others are extended, two of which are separated by the
Mott mobility edge Ec [50]. Thus, depending on the
relative values of EF and Ec, the electrons can be ei-
ther in a metallic state (EF < Ec) or in an insulating
state (EF > Ec). When EF = Ec, the electrons are at
a critical point associated with the so-called Anderson
metal–insulator phase transition. In the Anderson local-
ization mechanism, the breaking of the spatial transla-
tional symmetry implies that the momentum is no longer
a conserved quantum number, and the quantum electrons
are subsequently localized without well-defined Landau
quasiparticles.
Since Anderson’s seminal work in 1958 [47], much ef-
fort has been expended on describing the microscopic
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known as weak localization [51, 52] which states that
the electron localization arises from quantum interference
of the backscattering processes, where one path and its
time-reversed partner undergo constructive interference.
This quantum interference enhances the backscattering
probability and can thus lead to electron localization.
As such, in the weak localization scenario, time-reversal
symmetry should be preserved. However, it has been
found by Anderson et al. that the electrons can also be
localized in a fractal Cayley-tree lattice where no loops
are involved, which indicates that closed loops are not
necessary for electron localization [53]. In more modern
treatments, Anderson localization remains an interesting
and elusive subject, and many new ideas and concepts
have been proposed to explain its origin [54–56].
IV. RESTRICTION OF INTERNAL DEGREES
OF FREEDOM
In this section, we investigate the restriction of the
internal degrees of freedom of quantum electrons. The
following physics will be reviewed and discussed: (i)
quantum Hall effects in 2D electronic systems subjected
to strong magnetic fields with nontrivial topology; (ii)
spontaneous symmetry breaking with Fermi-surface in-
stabilities that can lead to phase transitions, e.g., SDW,
CDW, Pomeranchuk, or SC instabilities; and (iii) Mott–
Hubbard physics with constraints on on-site double oc-
cupations.
A. 2D electrons subjected to strong magnetic
fields: Quantum Hall effects with nontrivial topology
As has already been mentioned, in this work, we re-
gard the topology of quantum states as a kind of degree
of freedom assigned to them. Indeed, from a classification
point of view, two systems cannot be deformed into each
other in a smooth and continuous way if they are topolog-
ically different. In many cases, this kind of distinction is
nonperturbative and qualitatively significant. The study
of topological issues in condensed matter physics has a
long history, from the early investigations of topological
defects [57] and excitations (see, e.g., Ref. 58), to more
recent studies of topological quantum states and phase
transitions that have attracted intense interest [31–33].
The quantum Hall effect (QHE) is the prime example
of a topologically nontrivial state of matter. When elec-
trons are confined to two dimensions and subjected to a
strong magnetic field perpendicular to the plane, the Hall
conductance exhibits quantized plateaus that are multi-
ples of the elementary conductance, i.e., σH = νe
2/h,
and this effect can be observed directly at sufficiently
low temperatures (For an early review, see e.g., Ref. 21).
The prefactor ν is known as the “filling factor”, and is
defined as the ratio of the electron density n and the 2D
magnetic flux density: ν = nΦ0/B, where B is the mag-
nitude of the magnetic field and Φ0 = hc/e is the flux
quantum. The filling factor can take on either integer
(ν = 1, 2, 3, . . .) or particular fractional values such as
ν = 1/3, 2/5, 5/2, . . . etc. The former case is known as
the integer quantum Hall effect (IQHE), and was first re-
ported in 1980 [18]. The latter effect, known as the frac-
tional quantum Hall effect (FQHE), was first observed in
1982 for ν = 1/3 [19], and occurs when the 2D electrons
are confined to very high-quality semiconductor inter-
faces.
The quantization of the Hall conductance in the IQHE
can be understood as a consequence of the formation of
discrete Landau levels when the electrons are confined
to two dimensions with an external magnetic field per-
pendicular to the plane. For free electrons in 2D, the
quantized Landau levels are equally separated by a “cy-
clotron energy” gap (h¯ωc = h¯eB/mc, assuming that the
electronic spins are fully polarized), with each level being
macroscopically degenerate. The integer-valued filling
factor ν then simply counts the number of filled Landau
levels. From this point of view, it is clear that the Landau
levels (or the energy bands, if the system is subjected to
a lattice-like periodic potential) can be characterized by
a topological invariant known as the Chern number. Ow-
ing to the 2D nature of the system and the existence of
the homogeneous magnetic field which explicitly breaks
the time-reversal symmetry, the Chern numbers of the
Landau levels are nontrivial [59], and the summation of
the Chern numbers of the filled Landau levels turns out
to be the Hall conductance in fundamental units [27, 28].
Thus, the appearance of the Hall conductance plateaus
is closely related to the discreteness of the topological
number, i.e., the quantization of the Hall conductance is
protected by a topological invariant. The IQHE is the
precursor of the later topological classification of free-
fermion systems (for a recent review, see e.g., Ref. 33).
In contrast to the IQHE which can be basically un-
derstood on the basis of filled Landau levels with non-
interacting electrons, the FQHE (where the Hall conduc-
tance plateaus emerge at fractional filling factors) has to
be understood by taking electron–electron interactions
into account in a more serious manner. In the first place,
it is worth pointing out that the FQHE can be regarded
as an extreme case of a strongly interacting many-body
system. The reason for this is that within a given par-
tially filled Landau level, all the electrons have the same
kinetic energy and the Hamiltonian of the system only
contains interaction terms and can be written as:
H = P
∑
j<k
e2
|rj − rk|
P , (12)
where P is the Landau-level projector which projects op-
erators to the limited Hilbert space of the given Landau
level (for simplicity we have ignored Landau level mixing
effects and the spin degree of freedom). We can see that
in this situation, there is no small parameter available
and also no “normal” state to serve as a starting point
8for traditional perturbative calculations. Moreover, the
introduction of the projector P makes the problem highly
nontrivial.
Fortunately, following the seminal work of Laugh-
lin [60], much progress has been made in understanding
the nature of the FQHE. Of particular importance is the
concept of the composite fermion, which was first pro-
posed by Jain in 1989 [61], and which provides a clear
physical picture for it. A composite fermion is the bound
state of an electron and an even number of quantized
vortices. These vortices cancel part of the Aharonov–
Bohm phases originating from the external magnetic
field, which in turn, greatly reduces the strength of the
effective magnetic field that the composite fermions ex-
perience. Jain further argued that a large part of the
original strong interaction between electrons can be refor-
mulated into the internal correlations of the electrons and
their binding vortices, with much weaker residual interac-
tions remaining between the composite particles. Thus,
to some extent, the composite fermions can be regarded
as the “quasiparticles” of the FQHE. In the framework of
composite fermions, we can then map most of the frac-
tional quantum Hall states of the electrons to the integer
Hall states of the composite fermions, and the various
important features of FQHE can be understood quanti-
tatively with the help of numerical simulations [22].
It seems proper to stress here that due to the bind-
ing of the electrons to the vortices, these composite par-
ticles are collective, nonlocal, and topological quantum
particles. The topological nature of the quantum Hall
fluids can also be expressed in an effective field theory
with a Chern–Simons term included [62]. Many novel
features related to the topological issues, which are well
beyond what occur in the generic non-interacting cases,
have been identified in these systems (see e.g., Ref. 63).
The interplay of topology and symmetry in many-body
systems is currently under intensive examination.
B. Spontaneous symmetry breaking (I): SDW,
CDW, and Pomeranchuk instabilities
A Fermi surface is called nesting if a lot of Fermi-
surface points are connected by one special momentum
and the Fermi surface features parallel regions. The
Fermi surface of a Landau Fermi liquid is unstable if it
exhibits nesting. With the spin magnetic susceptibility
defined as χs(q, τ) = −〈TτSq(τ) · S−q(0)〉 and the SDW
operator Sq defined as in Eq. (6), Fermi surface nesting
can lead to the divergence of the static spin susceptibil-
ity, i.e., χs(Q, ω)
∣∣
ω=0
→ +∞, where Q is the character-
istic nesting momentum. This divergence indicates the
instability of the Fermi surface in the spin channel. Sim-
ilarly, a Fermi-surface instability can also occur in the
charge channel. With the CDW operator nq defined as
in Eq. (5), we can define the charge density suscepti-
bility as χc(q, τ) = −〈Tτnq(τ) · n−q(0)〉, and the nesting
Fermi surface can also lead to the divergence of the static
charge susceptibility, χc(Q, ω)
∣∣
ω=0
→ +∞. Which one of
the SDW or CDW instabilities is preferred is determined
by the degrees of the divergence of the two susceptibili-
ties.
The Fermi-surface instabilities outlined above can in-
duce a spontaneous symmetry breaking phase transition
below a critical temperature, where along with this phase
transition, quantum electrons go from a normal Landau
Fermi liquid state into an ordered state. In the case of a
SDW phase transition, the spatial translational symme-
try and the spin SU(2) symmetry are both broken, and
the SDW order parameter 〈SzQ〉 becomes finite. In the
CDW phase transition, the spatial translational symme-
try in the particle–hole charge channel is broken, and a fi-
nite CDW order parameter 〈nQ〉 emerges. In the ordered
SDW or CDW state, the ground state can be regarded
as the condensation of particle–hole pairs in the spin or
charge channels with SDW or CDW Goldstone excita-
tions. Moreover, the Landau quasiparticles are gapped
and their single-particle Green’s function exhibits a pair
of singular poles, as highlighted in Sec. II B. Microscop-
ically, the nesting Fermi surface becomes unstable when
there are finite interactions whose transferred momentum
is the Fermi-surface nesting momentum Q. These types
of interactions with finite momentum Q are beyond the
Landau forward scattering interaction description.
There is another Fermi-surface instability known as the
Pomeranchuk instability [35]. Suppose the Landau inter-
action in the charge channel has the form
HI = −Uρ
∑
kk′
φkφk′ n¯kn¯k′ , (13)
where n¯k =
∑
σ c
†
kσckσ. Then, when Uρ is positive and
larger than a critical value U
(c)
ρ , there will be a Pomer-
anchuk deformation of the Fermi surface with the defor-
mation symmetry determined by φk. Similarly, if the
Landau interaction in the spin channel follows
HI = −Us
∑
kk′
φkφk′ S¯k · S¯k′ , (14)
where S¯k =
∑
σσ′ c
†
kσ
σσσ′
2 ckσ′ , and Us is positive and
larger than a critical value U
(c)
s , a spin-dependent Pomer-
anchuk Fermi surface deformation may occur. In contrast
to the SDW and CDW Fermi surface instabilities that oc-
cur for finite momentum Q, the Pomeranchuk Fermi sur-
face deformation can be regarded as a zero-momentum
instability.
The Pomeranchuk Fermi surface deformation is a par-
ticular manifestation of electronic nematicity and breaks
the rotational symmetry of the system [64]. Thus, the
Pomeranchuk–Landau interactions (13) and (14) can
drive a phase transition that spontaneously breaks the
rotational symmetry and thus result in an electronic
nematic state with a finite nematic order parameter∑
k〈φkn¯k〉 or
∑
k〈φkS¯k〉. At the first glance, the elec-
tronic nematic state appears to be normal, similar to
9anisotropic Landau Fermi liquids; however, this is only a
superficial mean-field manifestation. The scattering in-
teractions between the Landau quasiparticles and the
Goldstone nematic modes of the rotational symmetry
breaking mechanism can lead to unusual non-Fermi liquid
behavior of the self-energy of the Landau quasiparticles,
and simultaneously, of the damped Goldstone nematic
modes [64–66]. These novel scattering physical effects are
also preserved in the case of a nematic phase transition
in a discrete crystal with rotational symmetry breaking,
where it is found that the discrete lattice effects are ir-
relevant over most of the temperature range [65]. Thus,
the electronic nematic state is another example of a non-
Fermi liquid state. Further novel physics associated with
nematic criticality and non-Fermi liquid physics also oc-
curs near the critical point of a nematic phase transi-
tion [64, 65, 67].
C. Spontaneous symmetry breaking (II):
Superconductivity
Landau Fermi liquids have a global charge U(1) sym-
metry under phase transformations of the form ciσ →
ciσe
iθ, which implies the conservation of the particle
number. When the global charge U(1) symmetry is bro-
ken, Landau Fermi liquids transform into a SC state fol-
lowing a phase transition in which the superconductivity
emerges.
In the SC state, the SC order parameter
∆̂ =
∑
kσσ′
∆σσ′ (k)c
†
kσc
†
−kσ′ (15)
has a finite average value, and neglecting spin-orbit cou-
pling, we can decouple the spin part into its spin singlet
and spin triplet components. In the spin singlet SC state,
∆σσ′ (k) = [−iΛ(k)σ2]σσ′ with Λ(−k) = Λ(k), while
in the spin triplet state, ∆σσ′ (k) = [−i (d(k) · σ)σ2]σσ′
with d(−k) = −d(k) [68]. The finite pairing order pa-
rameter reflects the macroscopic condensation of Cooper
pairs, where this macroscopic condensation stems from
the fixed phase of the Cooper pairs which contribute
coherently to the whole condensate. Collective phase
modes and amplitude modes can then be found over the
Cooper pair condensate ground state, and on account of
the coupling of the charged superconductor to electro-
magnetic gauge fields, the longitudinal phase modes be-
come high-energy plasmon modes [69]. One well-known
example of such transverse and topological phase modes
are vortices, while the amplitude modes of the SC con-
densate, known as SC Higgs modes [70, 71], are still be-
ing sought for in experiments. As mentioned in Sec. II B,
the Landau quasiparticles are gapped in the SC state and
their single-particle Green’s functions exhibit a double-
pole singularity.
We note that the SC state can also be regarded as an
example of the low-energy Fermi-surface nesting insta-
bility in the particle-particle channels with nesting mo-
mentum Q = 0 (the momentum of the center of mass of
Cooper pairs). It has been shown by Shankar’s renormal-
ization group study that the SC instability is relevant to
Landau Fermi liquids, and that the SC state is a stable
fixed point of the electron liquid [6].
D. Gutzwiller projection: Mott–Hubbard physics
When the d- or f -electron shells of ions are not
fully filled, strong residual on-site Coulomb interactions
known as Mott–Hubbard interactions can heavily sup-
press on-site double occupations. The relevant physics of
such systems can be described by the Hubbard model and
involves both kinetic electron hopping terms and their
on-site Mott–Hubbard interactions. The strong suppres-
sion of on-site double occupations can be described by
the Gutzwiller projection [72]
P =
∏
i
(1− αni↑ni↓) . (16)
Generally, one takes 0 ≤ α ≤ 1 with α = 0 (α = 1)
expressing the absence of the reduction (exact exclusion)
of on-site double occupations. The Gutzwiller projec-
tion is thus a restriction on the local basis states of the
Hilbert space, where the local on-site doubly-occupied
basis states are reduced or even completely removed.
In particular, the Gutzwiller projection can lead to
a Mott–Hubbard metal–insulator phase transition when
the d- or f -electron shells are half-filled. When vir-
tual hopping processes are included, one then finds that
there are effective low-energy super-exchange antiferro-
magnetic interactions, and as a result, a Mott–Hubbard
insulator can show long-range antiferromagnetic order in
quasi-2D or 3D compounds at low temperatures. When
additional electrons or holes are introduced into such
half-filled compounds, the long-range antiferromagnetic
order is gradually broken and the system evolves into a
spin-liquid or spin-glass state. Moreover, superconduc-
tivity can occur when the motion of the doped electrons
or holes becomes coherent.
In 1987, Anderson proposed the resonating valence
bond (RVB) scenario to describe the superconductivity of
hole-doped high-Tc cuprate superconductors [73], where
the Gutzwiller projection plays a key role in the descrip-
tion of their low-energy physics. In this account, the
superconductivity emerges when the holes exhibit coher-
ent motion in the RVB spin-liquid background, and thus
form a novel non-Bardeen–Cooper–Schrieffer (non-BCS)
mechanism for the superconductivity. Anderson’s RVB
proposal has been extensively studied by many analytical
and numerical methods, where in order to deal with the
local Gutzwiller projection, a U(1) gauge theory [15] is
established with the electron operator c†iσ reformulated
as
c†iσ = f
†
iσbi, (17)
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and where the spin and the charge degrees of freedom of
the electrons are separately carried by spinons fiσ and
holons bi, respectively. This decoupling is based upon
an assumption that the Landau quasiparticles are not
well-defined in Mott–Hubbard physics, but rather related
to spin–charge separation. There is then an emergent
U(1) gauge symmetry with one additional gauge degree
of freedom that leads to strong correlations between the
spinons and the holons. Novel physics such as non-BCS
superconductivity, the pseudogap, and the strange metal-
lic state (among other examples) can then arise. We note
that there are various different gauge theories proposed
for the Gutzwiller projection constraint with similar as-
sumptions and similar outputs. However, the brilliant
RVB proposal and the various proposed gauge theories
are still in doubt, as the predicted spinons and holons
have not been found in experiments.
Mott–Hubbard physics has also been extensively stud-
ied by wavefunction Gutzwiller projection methods [74,
75]. In such descriptions, the Gutzwiller projected state
is defined as
∣∣Ψ〉P = P∣∣Φ0〉, where ∣∣Φ0〉 is a non-
interacting Fermi gas or a mean-field BCS SC state. The
Gutzwiller projected Fermi gas turns out to be a renor-
malized Fermi liquid [74], while the Gutzwiller projected
BCS state is a renormalized BCS state [75–77], both of
which have quasiparticle excitations with finite coherent
weight. These results are in stark contrast to the origi-
nal Anderson’s RVB scenario where the electrons should
be in non-Fermi liquid states and exhibit spin–charge
separation. Whether such coherent Landau quasiparti-
cles can survive the strong Mott–Hubbard interactions
and the question of how the unconventional superconduc-
tivity emerges from the pseudogap state or the strange
metallic state are still big puzzles in the modern field of
condensed matter.
The key role, however, of Mott–Hubbard interactions
is their reduction of on-site double occupations. This re-
duction is thus a restriction of the local basis states of the
Hilbert space and obviously breaks the Pauli exclusion
principle of the Landau quasiparticles. This restriction
may then lead to strong correlations between the spin
and the charge degrees of freedom, such as those driven
by strong U(1) gauge fluctuations, as proposed in U(1)
gauge theory [15]. Since the Pauli exclusion principle is
a fundamental principle associated with the Fermi–Dirac
statistics of Landau quasiparticles, the breaking of the lo-
cal Pauli exclusion principle may break the Fermi–Dirac
statistics of the Landau quasiparticles and consequently
lead to novel excitations with emergent new statistics.
V. RESTRICTION OF EXTERNAL DEGREES
OF FREEDOM
As alluded to earlier in this manuscript, Landau Fermi
liquids only involve forward scattering Landau interac-
tions, while renormalization group studies have shown
that the Landau forward scattering interactions are
marginal and Landau Fermi liquids are thus stable [6].
In this section, we will discuss electron systems that are
coupled to external degrees of freedom. The models we
will consider for review include electrons coupled to Gold-
stone bosons, Anderson’s hidden Fermi liquid, electrons
coupled to scale-invariant unparticles, and Kondo physics
and heavy fermion superconductors where the electrons
are coupled to local magnetic moments.
A. Electrons coupled to Goldstone bosons:
Watanabe–Vishwanath theorem
Recently, Watanabe and Vishwanath outlined a theo-
rem for the stability of Landau Fermi liquid behavior and
Goldstone bosons in metals exhibiting spontaneous sym-
metry breaking [66]. In the case of a continuous phase
transition with spontaneous symmetry breaking, we may
define generators {Qa} which are associated with the
Goldstone modes. We then consider the commutation
relations
[Qa, Pi] = iΛai, (18)
where Pi is the i-th component of the momentum
P. If Λai = 0, the coupling between the electrons
and the Goldstone modes vanishes in the limit of the
small energy–momentum transfer, while if Λai 6= 0,
the electron–Goldstone-boson coupling does not vanish.
Since vanishing coupling preserves the stability of the
Landau Fermi liquid and the Goldstone modes, a non-
vanishing coupling may lead to novel non-Fermi liquid
behavior and the breakdown of the Goldstone modes.
The Watanabe–Vishwanath theorem thus shows scatter-
ing restriction effects on Landau Fermi liquids from the
collective modes in the channel of the spontaneous sym-
metry breaking.
According to the theorem, since the coupling between
the electrons and the phonons in crystal compounds van-
ishes at small momentum transfer, both the Landau
Fermi liquid states and the phonons are stable. This
is similar to when electron–magnon coupling vanishes in
ferromagnetic metals, in which case the magnons are
stable. Generally speaking, all Goldstone modes as-
sociated with internal symmetry breaking are stable;
however, nonvanishing coupling between electrons and
Goldstone nematic modes arising from spontaneous ro-
tational symmetry breaking may lead to non-Fermi liq-
uid physics and overdamped Goldstone nematic modes.
Non-Fermi liquids exhibiting rotational symmetry break-
ing are thus subject to extensive study [64–66, 78]. We
note also that the coupling between electrons and trans-
verse gauge bosons does not vanish, which can lead to
novel non-Fermi liquid behavior at extremely low tem-
peratures [66, 79].
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B. Anderson’s hidden Fermi liquid
Recently, Anderson proposed a hidden Fermi-liquid
theory for the high-Tc cuprate superconductors [40, 80].
For the projected t–J model with HamiltonianHtJ , there
is a one-to-one correspondence between the exact eigen-
states
∣∣Ψ〉 and the unprojected states ∣∣Φ〉, i.e.,
∣∣Ψ〉 = P∣∣Φ〉, (19)
where P is the Gutzwiller projection with exact exclu-
sion of the double occupations defined in (16). It can
be shown that if HtJ
∣∣Ψ〉 = E∣∣Ψ〉, then HtJ ∣∣Φ〉 = E∣∣Φ〉.∣∣Φ〉 describes the non-interacting Fermi-gas states or the
mean-field BCS states. Since cˆ†iσ ≡ Pc
†
iσP = c
†
iσ(1−niσ¯),
the single-particle Green’s function of the ground state
Gij(t) = −i〈ΨG
∣∣Ttciσ(t)c†jσ(0)∣∣ΨG〉 can be simplified to
Gij(t) ∼ G
(0)
ij (t)G
(⋆)
ij (t), (20)
where G
(0)
ij (t) = −i〈ΦG
∣∣ciσ(t)c†jσ(0)∣∣ΦG〉 describes the
free electron propagation, and G
(⋆)
ij (t) = 〈ΦG
∣∣Tt(1 −
niσ¯)(t)(1−njσ¯)(0)
∣∣ΦG〉 describes the background fluctu-
ations scatterings off the quasiparticles.
∣∣ΨG〉 and ∣∣ΦG〉
are the correlated ground states defined by (19).
With this simplification, Anderson showed that [40]
G(k, ω) ∼
1
(ω − vFk)
1−a , (21)
where vF is the Fermi velocity. The finite exponent a
describes the anomalous dimension of the electron oper-
ators arising from the singular background scatterings,
and has a dramatic effect since it leads to a branch-
cut singularity in the single-particle Green’s function, an
obvious characteristic of the breakdown of the Landau
quasiparticles. Physically, the breakdown of the Landau
quasiparticles originates from the novel scattering effects
of the background fluctuations, which are deeply related
to the on-site double occupation constraint. In similar
fashion to our previous discussion in Sec. IVD, this may
be deeply rooted in an underlying emergent gauge sym-
metry, as proposed in the RVB scenario [15] and in the
breakdown of the Fermi–Dirac statistics. We note that
the hidden Fermi liquid scenario for high-Tc cuprate su-
perconductors can also be extended to describe 2D elec-
trons with quantum Hall effects [81].
C. Electrons coupled to unparticles
Limtragool et al. have introduced a phenomenolog-
ical model to describe the power-law singular behavior
of the strange metallic state of high-Tc cuprate super-
conductors [41]. They attribute the power-law behavior
to scale-invariant critical physics whose generation in-
volves the coupling of electrons to bosonic unparticles
which have scale-invariant features. These unparticles
have novel propagators
Dµ (q, νn) =
1(
ν2n + E
2
q
)1−α , (22)
where the exponent α = 1 − d+12 + dµ, d is the spa-
tial dimension, and dµ is the scaling dimension of the
unparticle field. Since the Green’s function of the un-
particles exhibits a branch-cut singularity rather than a
general pole singularity, these unparticles are not gen-
erally well-defined bosons. It can be shown that at low
temperatures and energies, the scattering from the scale-
invariant unparticles leads to non-Fermi liquid behavior
of the electron self-energy,
ℑΣ ∼ T d−2+2α,
∣∣ω∣∣d−2+2α. (23)
The role of these scale-invariant unparticles is to in-
troduce unusual scattering restrictions on the electrons
in the particle–hole charge channel. Physically, these
bosonic unparticles with scale-invariant features may
arise from the high-energy degrees of freedom of the elec-
trons, and contribute to the scaling-invariant critical-like
physics. The branch-cut singularity in the unparticle
propagator then plays a similar role to the power-law
Coulomb interaction in fractal space [39] in the forma-
tion of the non-Fermi liquid behaviors.
D. Conduction electrons coupled to local moments:
Kondo effects and heavy fermions
When conduction electrons are coupled to local mag-
netic impurities or local f -electrons, novel physics can
emerge, such as in the case of universal Kondo effects and
heavy fermions with unconventional superconductivity.
When magnetic impurities are introduced into a metal-
lic conductor, certain universal Kondo effects beyond the
Landau Fermi-liquid theory can arise [82], including: (i) a
resistivity minimum, (ii) universality of the specific heat
CV ∼
1
T
fc
(
T
TK
)
, and (iii) universality of the resistiv-
ity ρ(T ) ∼ fρ
(
T
TK
)
. The Kondo temperature TK is
the unique characteristic energy scale for the universal
Kondo effects, and the universal Kondo effects outlined
above can be described by the Kondo-impurity model,
H =
∑
kσ
εkc
†
kσckσ + J
∑
σσ′
c†i0σ
σσσ′
2
ci0σ′ · Sf , (24)
where {c, c†} are the operators of the conduction elec-
trons and Sf is the impurity spin located at site i0. Such
Kondo effects result from the universal physics of the
Kondo resonance stemming from the local coupling of
the conduction electrons to the magnetic impurity. It
should be noted that the Kondo coupling J has a dra-
matic character known as asymptotically free behavior,
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i.e., its renormalized value is small at high energy but
is large at low energy [83]. This shows that the Kondo
resonance is a particular instance of criticality.
When the local magnetic moments form a crystalline
lattice configuration, such as for f -electrons in heavy
fermion superconductors, a more suitable model for their
description is the Kondo-lattice model,
H =
∑
kσ
εkc
†
kσckσ + J
∑
iσσ′
c†iσ
σσσ′
2
ciσ′ · Sf,i. (25)
One special feature of the unconventional physics in
heavy fermion superconductors is the emergence of heavy
fermions with a heavily renormalized mass (m⋆/m ∼
200). Physically, these heavy fermions are analogues of
the Kondo resonance and form a nearly flat band near
the Fermi energy.
Both the Kondo resonance and heavy fermions can be
regarded as composite fermions arising from the binding
of the conduction electrons and the spin-flip scattering of
local magnetic moments. Mathematically, the composite
fermions can be defined by [82]∑
σ′
(σ · Sf,i(t))σσ′ ciσ′ (t
′)→ ∆(t− t′)fiσ(t
′), (26)
where fiσ is the operator of the composite fermions, and
∆(t−t′) is the analogue of the Cooper pair wavefunction.
These composite fermions are spatially localized but are
strongly correlated in dynamic processes [84], and highly
nonlocal in the temporal space, thus forming local Fermi
liquids [85]. In this scenario, the Kondo resonance and
the heavy fermions can be regarded as emergent com-
posite fermions resulting from the Kondo-coupling driven
time correlations between the conduction electrons and
the local magnetic moments.
While the Kondo effects of the magnetic impurity in-
duced Kondo resonance are well understood, the com-
plex correlations of heavy fermions are far beyond our
knowledge. One central problem in the description of
heavy fermion superconductors is the dynamical creation
and destruction of heavy fermions. Physically, this prob-
lem is equivalent to the localization and delocalization
of the f -electrons which are hybridized strongly with
the conduction electrons. These central problems in-
volve the competition of the Kondo liquid of the heavy
fermions and the spin liquid of the local moments, where
the former involves local Kondo couplings and the lat-
ter involves Ruderman–Kittel–Kasuya–Yosida (RKKY)
interactions between the local moments. A simple phe-
nomenological two-fluid model has been proposed to ac-
count for the basic physics of heavy fermion superconduc-
tors [86, 87]; however, the driving mechanisms for the
complex competing physics are still little known. Ex-
amples of such competing physics include phase tran-
sitions between the Fermi-liquid and non-Fermi-liquid
states of heavy fermions, the heavy fermion Kondo liq-
uid, the spin liquid, and the ordered magnetic state of
the local moments. A particular challenge in contem-
porary condensed matter physics is to understand such
quantum phase transitions and associated quantum crit-
icality, as exhibited in most heavy fermion superconduc-
tors [8, 11, 88].
VI. SUMMARY AND PROPOSALS
A. Summary
In the last several decades, many strongly correlated
electron systems have been discovered in experiments,
which clearly reveal unconventional electronic physics be-
yond the traditional Landau Fermi-liquid theory. A ma-
jor challenge in the modern field of condensed matter
is to establish suitable theories to understand these un-
conventional electronic phenomena. In this article, we
have presented a new perspective regarding such uncon-
ventional electronic physics that provides us with basic
means of studying the breakdown of the Landau Fermi
liquid theory, and which serves as a guideline for achiev-
ing manual control of electrons for novel physics.
In this article, we firstly reviewed the essential proper-
ties of Landau Fermi liquids: Landau Fermi liquids con-
nect adiabatically and analytically to a non-interacting
Fermi gas, their ground state preserves all the symmetries
of the system, and their low-energy physics is dominated
by Landau fermionic quasiparticles with conserved quan-
tum numbers and whose dynamical properties are renor-
malized by Landau forward scattering interactions [1, 4].
We then presented our perspective that most examples
of unconventional electronic physics beyond the Landau
Fermi-liquid theory paradigm stem from the restriction
of the degrees of freedom of the quantum electrons in
Landau Fermi liquids. Since the degrees of freedom of
the quantum electrons correspond to independent “mo-
tions” that can be used to identify the quantum states,
they can be defined by a complete set of commuting ob-
servables. As a complete set of commuting observables
can be constructed in terms of the symmetry group of
the quantum electrons, the degrees of freedom are thus
deeply connected to the symmetry. In addition to the
degrees of freedom defined by symmetry, another degree
of freedom that may be required to identify the quantum
states is the global topology, which can be out of reach
of the symmetry-based description and which can have
significant physical consequences. With these results, we
were naturally led to propose that unconventional elec-
tronic physics can be realized by the restriction of the
degrees of freedom of the quantum electrons in Landau
Fermi liquids via the following mechanisms: (i) symme-
try breaking, (ii) the emergence of new symmetry, and
(iii) nontrivial topology.
We then extensively reviewed various unconventional
electronic physics beyond the Landau Fermi liquid theory
framework from our perspective. The considered exam-
ples of novel electronic physics arising from the restriction
of the degrees of freedom of electrons in Landau Fermi
liquids are summarized in Table (I). Novel physics arising
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TABLE I. Novel electronic physics arising from the restriction of the degrees of freedom (DOF) of Landau Fermi liquids.
Notation and abbreviations are defined as follows: B/I space – spatial–temporal/internal space, r- or t-space, H – Hilbert
space, sym. – symmetry, emgt. – emergent, brk. – breaking, stats. – statistics, ST – spatial translational, FD – Fermi–Dirac.
novel physics DOF B/I space symmetry or topology
critical phenomena scale B (r) emgt. scaling sym.
Luttinger liquids dimension B (r) emgt. conformal sym.
Anderson localization translation B (r) ST sym. brk.
QHE topology I (H ) emgt. nontrivial topology
SDW translation & spin B (r) & I (spin) ST and spin SU(2) sym. brk.
CDW translation & charge B (r) & I (charge) ST sym. brk. in charge channel
Pomeranchuk rotation & spin/charge B (r) & I (spin/charge) rotational sym. brk. in spin/charge channel
SC U(1) phase I (phase) charge U(1) sym. brk.
Mott–Hubbard physics double occupations I (H ) emgt. gauge sym., FD stats. brk.
electrons with
Goldstone modes
Goldstone modes B (r) & I sym. brk.
hidden Fermi liquid double occupations I (H ) emgt. gauge sym. (underlying)
electrons with
unparticles
unparticles I (charge) scale invariance of unparticles
electrons with
local moments
local moments B (r, t) & I (spin) emgt. FD stats. of composite fermions
from the restriction of spatial degrees of freedom include
anomalous dimensions and critical phenomena, Luttinger
liquids, and Anderson localization. The anomalous di-
mensions of critical phenomena near critical points stem
from an emergent scaling symmetry [24, 42], where lots of
fluctuations within the divergent correlation length lead
to singular power-law critical behavior. The values of
the critical exponents are deeply connected to the scale-
invariant transformations and the anomalous dimensions
exhibited in these systems implies the fractal nature of
the critical phenomena, and moreover, that the electrons
are restricted to an effectively fractal space. In the sec-
ond example we considered, confinement of the quan-
tum electrons in 1D spatial space results in the formation
of 1D Luttinger liquids [20], whose universal low-energy
physics stems from an underlying conformal symmetry of
the solvable Luttinger model, i.e., a stable fixed point of
Luttinger liquids. The underlying conformal symmetry
(with the associated infinitely many conservation laws)
plays a crucial role in determining the universal prop-
erties of the 1D Luttinger liquids [9]. The third exam-
ple we reviewed was Anderson localization, which arises
from impurity-induced randomness which breaks the spa-
tial translational symmetry [47, 48]. We note that in
the weak localization scenario, Anderson localization is
argued to result from the quantum interference of the
backscattering processes which are preserved by time-
reversal symmetry [51, 52].
Next, we considered examples where the internal de-
grees of freedom are restricted, including the integer and
fractional quantum Hall effects; spontaneous symmetry
breaking with SDW, CDW, Pomeranchuk, and SC phase
transitions; and Mott–Hubbard physics. The quantum
Hall effects occur when confined 2D electrons are sub-
jected to a strong magnetic field, and the quantization of
the Hall conductance stems from the nontrivial topolog-
ical structure of the quantum states [27, 28]. In particu-
lar, highly topologically nontrivial features emerge in the
FQHE case when electron–electron interactions are prop-
erly taken into account for partially filled Landau lev-
els. We then noted that when the Fermi surface exhibits
nesting, finite interactions at the nesting momentum can
drive SDW or CDW phase transitions in the particle–
hole spin or charge channels. In the case of a SDW phase
transition, both the spatial translational symmetry and
the spin SU(2) symmetry are broken, while in the CDW
phase transition case, the spatial translational symmetry
is broken in the charge channel. Moreover, we highlighted
that the ground state of the SDW or CDW ordered state
has less symmetry than the normal Fermi-liquid state,
and that the SDW or CDW Goldstone excitations are
gapless while the Landau quasiparticles are gapped. The
next example we considered was when the rotational
symmetry of Landau Fermi liquids is broken, in which
case a Pomeranchuk nematic phase transition will occur
in the spin or charge channels, accompanied by a Pomer-
anchuk Fermi-surface deformation [35, 64]. Interactions
between the Landau quasiparticles and the Goldstone
nematic modes have unusual influences which can lead
to non-Fermi liquid behavior and overdamped Goldstone
nematic modes. In the SC case, if the global charge U(1)
symmetry of the Landau Fermi liquids is broken, there is
macroscopic condensation of Cooper pairs and supercon-
ductivity emerges. We highlight the point that in each of
the above examples of phase transitions with spontaneous
symmetry breaking, new macroscopic degrees of freedom
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(the so-called order parameters) emerge. We then turned
our attention to Mott–Hubbard physics, which is deeply
related to the Gutzwiller constraint of strong suppression
of on-site double occupations. This is a constraint on the
local Hilbert space which can lead to novel correlations
between the spin and charge degrees of freedom. In order
to explain such non-Fermi liquid behavior, an emergent
U(1) gauge symmetry was proposed in Anderson’s RVB
scenario, providing an additional U(1) gauge degree of
freedom [15]. The strong suppression of on-site double
occupations breaks the Pauli principle and thus leads to
the breakdown of the Landau quasiparticles with Fermi–
Dirac statistics description.
Finally, we reviewed examples where unconventional
electronic physics can arise from the restriction of ex-
ternal degrees of freedom, such as in the case of Gold-
stone modes and continuous symmetry breaking, the
background fluctuations of Anderson’s hidden Fermi liq-
uid, unparticles with scale-invariant features, and local
moments in Kondo physics and heavy fermion super-
conductors. We saw that if the generator of the bro-
ken continuous symmetry does not commute with the
momentum operator, interactions between the Landau
quasiparticles and the Goldstone modes will lead to the
breakdown of the Landau Fermi liquid and overdamped
Goldstone modes [66]. In the Anderson’s hidden Fermi
liquid case [40, 80], the Gutzwiller constraint on on-site
double occupations is simplified by scattering effects of
the background fluctuations, which leads to the singular
propagation of the electrons with anomalous dimension.
In the next example, unparticles with scale-invariant fea-
tures were introduced to study the strange metallic state
of the high-Tc cuprate superconductors [41]. Their cou-
pling to electrons was noted to lead to power-law non-
Fermi liquid behavior. In our final review, universal
Kondo effects were seen to stem from the Kondo reso-
nance arising from the local coupling of the conduction
electrons and magnetic impurities; however, the complex
competing physics accompanying quantum phase transi-
tions and quantum criticality in heavy fermion supercon-
ductors remains beyond our knowledge. Such effects have
been proposed [86, 87] to be deeply related to the dynam-
ical creation and destruction of so-called heavy fermions
—being composite fermions formed by the coupling of
conduction electrons and the local moments—along with
the competition between the heavy fermion Kondo liquid
phase and the spin liquid of the local moments.
B. Proposals
In our study of the various examples of novel non-Fermi
liquid physics, we have focused on the degrees of freedom
of particles and taken the physical states as our starting
point. Since a degree of freedom of a particle defines
a special independent “motion” of its physical states, in
principle, fundamental interactions dependent on this de-
gree of freedom may be fixed. For example, since the spin
degree of freedom stems from the reconciliation of quan-
tum mechanics and the special theory of relativity, the
most fundamental spin-relevant interactions are defined
as [25]
σ · (p+ eA) . (27)
Thus, we have two fundamental couplings for spin, σ · p
which is the origin of the so-called spin-orbit couplings,
and σ·A which defines the coupling of the spin to electro-
magnetic gauge fields. These fundamental interactions
guide us in how to detect and manually control the given
degree of freedom of the particles. Moreover, focusing
on the degrees of freedom of the particles can reveal ba-
sic relevant scattering processes, and consequently, some
basic physical properties. However, it should be noted
that there may be other interactions beyond the fun-
damental ones. For example, in the case of spin, the
direct- and super-exchange spin–spin interactions come
from Coulomb interactions and virtual hopping processes
due to large on-site Hubbard interactions, respectively.
Nevertheless, since the degrees of freedom of quantum
electrons are deeply connected to the overall symmetry
and topology, we may take our guiding principles for the
description of novel electronic physics to be as follows:
(i) to specify what the symmetry and topology imply
for a given degree of freedom and to study the relevant
symmetry breaking, emergent symmetry, or nontrivial
topology in detail; (ii) to specify what the interactions
imply for a given degree of freedom and to study the rel-
evant interaction-driven physical properties; (iii) to spec-
ify the coupling between different degrees of freedom and
to study the relevant physical competition or coopera-
tion.
In the case of the breakdown of the Landau Fermi liq-
uid picture, since Landau Fermi liquids are protected by
three principal hypotheses—namely, (i) the Fermi–Dirac
statistics, (ii) the adiabatic and analytic principle, and
(iii) the quasiparticle-dominated low-energy physics—we
can focus on further additional guidelines to account for
the breakdown of their description: (i) How can the
Fermi–Dirac statistics of the Landau quasiparticles be
broken? Which degrees of freedom are the most relevant
to account for this breakdown? (ii) What are the possi-
ble phase transitions associated with each degree of free-
dom? (iii) How can the Landau quasiparticles be broken
down, e.g., causing the well-defined propagator of Lan-
dau quasiparticles to break down by the vanishing of the
residual weight Zkσ, by the singular self-energy, or by an
anomalous dimension and branch-cut singularity? (since
the Landau interactions only involve forward scatterings,
we can focus on interactions in other channels, backward
scattering, Umklapp scattering, or other singular scatter-
ings induced by collective fluctuations or external degrees
of freedom), and (iv) To study the possible symmetry
breaking, new emergent symmetries, and/or nontrivial
topology of the degrees of freedom of the Landau Fermi
liquids involved.
This perspective on the restriction of the degrees of
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freedom can also be taken as a guideline for the innova-
tive design of electronic devices with novel physical prop-
erties. In particular, we could manually control the elec-
trons in artificial devices by manipulating any of the de-
grees of freedom, such as the spin, charge, phase, spatial
and temporal degrees of freedom, or the topology. Elec-
trons in a confined spatial space with nontrivial topology
or with manually controlled artificial potentials may have
unusual, interesting, and useful properties. A particular
point to note, however, is that time may prove to be a
special parameter whose role has not been particularly
well studied. Dynamical correlations and other possible
interaction-driving temporal restrictions may perhaps be
relevant to some non-Fermi liquid physics, and may in-
deed be the case for a proper description of quantum
criticality. One of the most dramatic difficulties in the
study of many unconventional electronic physical non-
Fermi liquid systems is rooted in determining many-body
correlations. The question of the basic variables and
study of the emergent degrees of freedom for many-body
correlations are relevant problems for future studies.
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